INTRODUCTION, NATURE OF RESULTS
We let E k ðk54 evenÞ be the normalized Eisenstein series of weight k for the modular group SLð2; ZÞ; given through its q-expansion We regard the E k as formal power series in the indeterminate q: Quite generally, if f ; g 2 Q½½q are power series and N is a natural number, f g ðmod NÞ means that f and g are both N-integral and the congruence holds coefficientwise. A weakened version of one of our results is 132 This congruence was announced in [1] , where some related arithmetic properties of the E k were studied.
Let p be a prime number, p > 2; to fix ideas. It is an easy consequence of (1.1) and the congruences of Kummer and Clausen-von Staudt for the B k (see e.g. [9, pp. 55 We will reduce the verification of the stronger congruence (1.2) to a (small) finite number of numerical checks. There are three steps:
(a) Of course, (1.2) may be proved separately for the relevant powers p r of p ¼ 2; 3; 5; 7; 13: Fixing such a p; we replace E k by its ''p-smoothed'' version E n k (see Section 2), which does not essentially affect the validity of (1.2).
(b) The congruence
is doubly infinite (in k and n ¼ exponent of q n ) and can therefore not be directly verified through calculation.
For n50 and any modular form f ; let a n ðf Þ be its nth Fourier coefficient. Fix n50 and consider the function a n : k/a n ðE
On each residue class modulo p À 1 (that is, if pa2; as usual, this must be somewhat modified for p ¼ 2), a n gives rise to an Iwasawa function f : Z p ! Z p (see Sections 3 and 4 (c) We now use the q-expansion principle in the following form:
(1.5) Let f ¼ P n50 a n q n be a modular form of weight k 0 with coefficients in Z ðpÞ ¼ Q \ Z p : If a n 0 ðmod p r Þ for n4k 0 =12 then f 0 ðmod p r Þ; i.e., all its coefficients a n satisfy the congruence. [8] , where the case r ¼ 1 is treated. Applying it with k 0 :¼ max K 0 ðp r Þ þ 12; we reduce the proof of (1.2) to its checking for a finite number of pairs ðk; nÞ: In fact, (1.2) turns out as a special case of the following principle (1.6), the parameters of which are specified in (5.3).
(1.6) Principle. Let h 2 K ¼ f4; 6; 8; . . .g; p a prime number, C & K a residue class modulo ðp À 1Þp t ; and a n;k;h :¼ a n ðE kþh À E k Á E h Þ: There exists a finite subset C 0 ðh; p r Þ of C and a constant n 0 ðh; p r Þ such that a n;k;h 0 ðmod p r Þ for n4n 0 and k 2 C 0 ðh;
Whether or not the ''initial congruences'' for n4n 0 ; k 2 C 0 are satisfied can in general be considered as random; the fact that they hold in the situation of (1.2) so as to conclude (1.2) from (1.6) is largely due to the trivial identities E
; which come from dim M k ¼ 1 for the spaces M k of modular forms of weights k ¼ 8; 10; 14: In case such ''initial congruences'' are satisfied, results like e.g.
come out. A sample of similar congruences is given in Section 5. Since the first coefficient of E k is
(1.6) also produces congruences for the C k ; which apparently have escaped general attention so far, for example from (1.2),
But note that congruences like (1.8) need not necessarily extend to the E k (i.e., to the higher Fourier coefficients; see (5.8) ). This contradicts the general expectation that ''all congruences between Bernoulli numbers turn over to Eisenstein series''.
All the present results are mere corollaries to Serre's theory of Iwasawa functions as presented in [6] . The author takes the opportunity to express his gratitude to Prof. Serre for enlightening and very helpful correspondence about these questions [7] .
Then N k is also the numerator of B k =2k; and we read off from (1.1) that
k Z½½q with precise denominator N k : In particular, E k is p-integral if ðk; pÞ is regular, which will usually be assumed in what follows. We now fix a prime p and write
The E n k are Serre's normalized p-adic Eisenstein series; due to our regularity assumption, they are p-integral and satisfy
IWASAWA FUNCTIONS ðp > 2Þ
We collect the facts on Iwasawa functions needed in the sequel. Proofs and more details can be found in [6, Sect. 4] .
Suppose that p > 2; and let U 1 be the group of 1-units in Z with a formal power series gðTÞ ¼ P a n T n 2 Z p ½½T: (Note that the function f v : s/v s is well defined for any v 2 U 1 in view of the binomial theorem.) Clearly, the definition is independent of the choice of the generator u; and f $ g provides an isomorphism of the algebra L of Iwasawa functions with Z p ½½T: There are several other descriptions of L; e.g. as the uniform closure of the algebra generated by the f v in the algebra C 0 ðZ p ; Z p Þ of continuous Z p -valued functions on Z p ; or as an algebra of distributions on Z p [6] .
Next
It is a crucial fact [6, The´ore`me 15] that for g 2 L; actually d n 0 ðmod p n Þ holds. Criterion (1.4) Proof. Rearrangement of power series. We omit the details. ]
We still need a further extension of the definition. Consider an arithmetic progression
modulo ðp À 1Þp t : A function f : C ! Z p is said to be Iwasawa if it is the restriction to C of an Iwasawa function (in the above sense) f :
For such functions, we can apply the next result, which is an easy consequence of (3.3) and (3.4). 
Finally, the relation with the Eisenstein series E n k is as follows: [3, 4] , and (3.7) follows from the statement as given in [6] .
IWASAWA FUNCTIONS ðp ¼ 2Þ
Here we have to modify some definitions and statements about Iwasawa functions. We briefly state the necessary changes, see [6] for details. Let U 2 ¼ 1 þ 4Z 2 be the subgroup of 2-units in Z 
As to the analogue of (3.7), we can suppress the regularity condition. Thus: (4.7) Theorem. For each n50; the function k/a n ðE n k Þ is an Iwasawa function on K ¼ f4; 6; 8; . . .g & Z 2 :
PRECISE STATEMENT AND PROOF OF PRINCIPLE (1.6)
Let p > 2 be a prime, h 2 K; and C & K a class modulo ðp À 1Þp t for some t50: Suppose that ðh; pÞ; ðk; pÞ; and ðk þ h; pÞ are regular. If we wish to prove that
for some r51 and all k 2 C; k5r þ 1; we may replace E k by E n k and E kþh by E n kþh ; which does not affect (5.1). For fixed n; the function a n : k/a n ðE
. . . ; k r be the first r consecutive elements of C with k 1 5r þ 1; and put
Suppose that a n ðE kþh À E k Á E h Þ 0 ðmod p r Þ ð 5:3Þ
holds for k ¼ k 1 ; . . . ; k r and n4n 0 : Then for these k; E kþh À E k Á E h E n kþh À E n k Á E h 0 ðmod p r Þ from the q-expansion principle (1.5), i.e., we have the congruences for all the coefficients a n : Referring to (3.6), the Iwasawa function a n satisfies a n 0 ðmod p r Þ; which in turn gives (5.3) for all n > 0 and all k 2 C; k5r þ 1; that is (5.1). The same argument, but (3.6) replaced by its counterpart (4.6), yields a similar result for p ¼ 2: Together, we have proved the following precise version of principle (1.6).
(5.4) Theorem. ðp > 2Þ Let p > 2 be a prime, h 2 K ¼ f4; 6; 8; . . .g; C & K a class modulo ðp À 1Þp t ; and suppose that ðh; pÞ; ðk; pÞ; and ðk þ h; pÞ are regular for all k 2 C; i.e., p divides neither of the numerators of B h ; B k ; B kþh : For given r51 and 14j4r; let
Put further k 0 ¼ k r þ h and n 0 ¼ ½k 0 =12: Then the congruences a n ðE kþh Þ a n ðE
. . . ; k r and n4n 0 imply
for all k 2 C with k5r þ 1: ðp ¼ 2Þ Let h 2 K and C & K be a class mod 2 t : For given r51 and
Put further k 0 ¼ k r 0 þ h and n 0 ¼ ½k 0 =12: Then the congruences a n ðE kþh Þ a n ðE k Á E n Þ ðmod 2 r Þ for k ¼ k 1 ; k 2 ; . . . ; k r 0 and n4n 0 imply
for all k 2 C with k5r þ 1:
If the requirements of (5.4) are fulfilled, then E n kþh E n k Á E h for all k 2 C; but we cannot, in general, replace the E n k by E k : (ii) As the proof shows, even the weaker requirement a n ðE kþh Þ a n ðE k Á E h Þ ðmod p r Þ for k ¼ k 1 ; . . . ; k r and n4½ 
. . . ; k r imply the same congruences for all k 2 C; k5r þ 1: ðp ¼ 2Þ In the situation of (5.4) ðp ¼ 2Þ; the congruences
. . . ; k r 0 imply the same congruences for all k 2 C; k5r þ 1:
; and C Using a tiny bit of numerical calculation, we now show that (5.4) and (5.6) apply to many situations ''in nature'' and produce explicit unconditional congruences, among which are those of (1.2).
(5.7) Let Aðh; a mod q; p r Þ (resp. Bðh; a mod q; p r Þ) denote the assertion E kþh E k Á E h ðmod p r Þ ðresp: C kþh C k þ C h ðmod p r ÞÞ whenever k a mod q: Here h and k are elements of K: We also write Aðh; all; p r Þ (resp. Bðh; all; p r Þ) if the congruence holds for all k 2 K: Clearly Að. . .Þ implies Bð. . .Þ: (5.8) Corollary. Table I contains some congruences Aðh; a mod q; p r Þ that hold.
Furthermore, some supplementary congruences Bðh; a mod q; p r Þ are given in Table II. (5.9) Remarks and comments. (i) We listed only such congruences which are not implied by the Kummer and Clausen-von Staudt congruences (1.3). All of them are sharp in a stable sense, i.e., cannot be sharpened by omitting a finite number of k's.
(ii) Theorem (5.4) gives congruences only for such weights k with k5r þ 1: It turned out that in each of the cases listed, that restriction was redundant. We therefore omitted that condition also in the definition of the assertions Að. . .Þ and Bð. . .Þ in (5.7).
(iii) The assertion Aðh 1 þ h 2 ; all; p r Þ is a formal consequence of Aðh 1 ; all; p r Þ and Aðh 2 ; all; p r Þ; etc. We listed for h ¼ 8; 10; 12 only such congruences which we did not recognize as implied from congruences for h 1 and h 2 ; h ¼ h 1 þ h 2 ; for example, we have Að10; a mod 6; 7
